Using different analytical methods (the quasi-linear approach, the path-integral technique and tau-relaxation approximation) we develop a comprehensive mean-field theory for a pumping effect of the mean magnetic field in homogeneous non-rotating helical turbulence with imposed large-scale shear. The effective pumping velocity is proportional to the product of α effect and large-scale vorticity associated with the shear, and causes a separation of the toroidal and poloidal components of the mean magnetic field along the direction of the mean vorticity. We also perform direct numerical simulations of sheared turbulence in different ranges of hydrodynamic and magnetic Reynolds numbers and use a kinematic test-field method to determine the effective pumping velocity. The results of the numerical simulations are in agreement with the theoretical predictions.
I. INTRODUCTION
The origin of cosmic magnetic fields is one of the fundamental problems in theoretical physics and astrophysics. It is generally believed that solar and galactic magnetic fields are caused by the combined action of helical turbulent motions of fluid and differential rotation [1] [2] [3] [4] [5] [6] [7] . In most of these studies, differential rotation plays merely the role of enhancing the magnetic field in the toroidal direction. However, in recent years there has been increased interest in mean-field effects caused specifically by turbulent shear flows. This interest is caused by discoveries of the shear dynamo [8, 9] and vorticity dynamo [10, 11] in non-helical homogeneous turbulence with a large-scale shear. In particular, recent numerical experiments [12] [13] [14] [15] [16] [17] have clearly demonstrated the existence of a shear dynamo of a large-scale magnetic field in non-helical turbulence or turbulent convection with superimposed largescale shear. However, the origin of the shear dynamo is still subject of active discussions [8, 9, 15, [18] [19] [20] [21] [22] [23] .
There are three additional phenomena that are also related to the presence of shear. One is the vorticity dynamo, which is the self-excitation of large-scale vorticity in a turbulence with large-scale shear. It has been predicted theoretically [10, 11] and detected in recent numerical experiments [13, 14, 24] . The vorticity dynamo can also affect the dynamo process of the mean magnetic field. Another phenomenon is a non-zero α effect in non-helical turbulence with shear when the system is inhomogeneous or density stratified. In that case there is an α effect [8, 18] that can lead to an alpha-shear dynamo. Finally, when homogeneous turbulence with shear is helical, there is an effective pumping velocity γ ∝ αW of the large-scale magnetic field, where W is the large-scale vorticity caused by shear. This effect has so far only been found in direct numerical simulations (DNS) [25] , but there has so far been no theory for this new effect, nor has there been a systematic survey of DNS for determining the dependence of pumping on magnetic Reynolds and Prandtl numbers as well as the turbulent Mach number.
The goal of the present study is to develop a comprehensive theory of mean-field pumping in homogeneous helical turbulence with shear and to perform systematic numerical simulations designed for detailed comparison with the theoretical predictions. It is important to emphasize that the pumping of the large-scale magnetic field discussed usually in the literature has always been connected with inhomogeneous turbulence [3, 26, 27] , but here we study the pumping for homogeneous, albeit helical turbulence.
II. GOVERNING EQUATIONS
We consider homogeneous helical turbulence with a linear shear velocity U = (0, Sx, 0). Averaging the induction equation over an ensemble of turbulent velocity field yields the mean-field equation:
where E i ≡ (u × b) i = a ij B j + b ijk ∇ k B j is the mean electromotive force, u and b are the fluctuations of velocity and magnetic field, overbars denote averaging over an ensemble of turbulent velocity fields, B is the mean magnetic field, U is the mean velocity that includes only the imposed largescale shear, and η is the magnetic diffusion due to electrical conductivity of the fluid. Note that the part a ij B j in the expression for the mean electromotive force determines the effective pumping velocity, γ i = − 1 2 ǫ ijk a ij , and the α tensor,
i , while the turbulent magnetic diffusion and the shear-current dynamo effect are associated with the b ijk term.
To determine the turbulent transport coefficients in homogeneous helical turbulence with mean velocity shear we use the following equations for fluctuations of velocity and magnetic field:
where ν is the kinematic viscosity, ρ is the mean density of the incompressible fluid flow, p is the fluctuation of total (hydrodynamic and magnetic) pressure, the magnetic permeability of the fluid is included in the definition of the magnetic field, v N and b N are the nonlinear terms, and ρ f (u) is the stirring force for the background velocity fluctuations.
We begin by deriving expressions for the pumping effect that are valid in different regimes, where fluid and magnetic Reynolds numbers are both small, both are large, or only the fluid Reynolds number is large, but the magnetic Reynolds number is small. These results will then be compared with those of DNS in the corresponding regimes.
A. Small magnetic and hydrodynamic Reynolds numbers
We use the quasi-linear or second order correlation approximation (SOCA) applied to shear flow turbulence (see [18, 20] ). This approach is valid for small magnetic and hydrodynamic Reynolds numbers. To exclude the pressure term from the equation of motion (2) we calculate ∇×(∇×u), then we rewrite the obtained equation and Eq. (3) in Fourier space, apply the two-scale approach (i.e., we use largescale and small-scale variables), neglect nonlinear terms in Eqs. (2)-(3), but retain molecular dissipative terms in these equations. We seek a solution for fluctuations of velocity and magnetic fields as an expansion for weak velocity shear:
where
Here
, and δ ij is the Kronecker tensor. The statistical properties of the background velocity fluctuations with a zero largescale shear, u (0) , are assumed to be given. For derivation of Eqs. (6)- (8) we use the identity
which is valid in the framework of the mean-field approach, i.e., it is assumed that there is scale separation. Equations (6)- (8) coincide with those derived by [18] , and they allow us to determine the cross-helicity tensor g
. This procedure yields the contributions E
ij (k, ω) dk dω to the mean electromotive force caused by sheared helical turbulence. We are interested first of all in the contributions to the mean electromotive force which are proportional to the mean magnetic field, i.e., E
For the integration in ω-space and in kspace we have to specify a model for the background shearfree helical turbulence (with B = 0), which is determined by equation:
where E(k) is the energy spectrum (e.g., a power-law spectrum, E(k) ∝ (k/k f ) −q with the exponent 1 < q < 3 for the wavenumbers k f ≤ k ≤ k d , where k f and k d are the forcing and dissipation wavenumbers), and ε ijk is the fully antisymmetric Levi-Cività tensor. We consider the frequency function Φ(ω) in the form of the Lorentz profile:
This model for the frequency function corresponds to the correlation function
In that case, and under the assumption of small magnetic and hydrodynamic Reynolds numbers, the effective pumping velocity, γ, and the off-diagonal components of the tensor α ij are given by
, Pm = ν/η is the magnetic Prandtl number, Re = τ f u 2 (0) /ν is the hydrodynamic Reynolds number, Rm = Re Pm is the magnetic Reynolds number, τ f = ℓ f /u rms is the turnover time, where ℓ f = 1/k f is the energy-containing (forcing) scale of a random velocity field, and u rms = u 2 (0) . For the integration in ω-space we use the integrals I n (k) given in Appendix A. For linear shear velocity, U = (0, Sx, 0), the mean vorticity is W = ∇×U = (0, 0, S), and the mean symmetric tensor (∂U ) ij = (∇ i U j + ∇ j U i )/2 has only two nonzero components: (∂U ) 12 = (∂U ) 21 = S/2. Therefore, α ij has two non-zero off-diagonal components caused by both, shear and helical turbulence α 12 = α 21 , while the effective pumping velocity, γ, has only one component directed along the vertical axis, γ = (0, 0, γ):
where Sh = τ f S is the shear parameter. As follows from Eqs. (14) and (15) 
B. Large magnetic and hydrodynamic Reynolds numbers
To determine the the effective pumping velocity and the tensor α ij in homogeneous helical turbulence with mean velocity shear for large magnetic and hydrodynamic Reynolds numbers we use the procedure which is similar to that applied in [9] in earlier investigations of shear flow turbulence. Let us derive equations for the second moments. We apply the two-scale approach, e.g., we use large scale R = (x + y)/2,
variables (see, e.g., [28] ). We derive equations for the following correlation functions:
and ... denotes averaging over ensemble of turbulent velocity field. The equations for these correlation functions are given by (see [9] )
where hereafter we omit the arguments t and R in the correlation functions and neglect small terms ∼ O(∇ 2 ). Here F ij is related to the forcing term and ∇ = ∂/∂R. In Eqs. (18), 
h ij , and I g ij which contain the large-scale spatial derivatives of the magnetic field B, are given in [9] . Next, in Eqs. (18) we split the tensor for magnetic fluctuations into nonhelical, h ij , and helical, h (H) ij , parts. The helical part of the tensor of magnetic fluctuations h (H) ij depends on the magnetic helicity and it follows from magnetic helicity conservation arguments (see, e.g., [29] [30] [31] [32] and [7] for a review).
The second-moment equations include the first-order spatial differential operatorsN applied to the third-order moments M (III) . A problem arises how to close the system, i.e., how to express the set of the third-order termsN M (III) through the lower moments M (II) (see, e.g., [33] [34] [35] ). We use the spectral τ -closure-approximation which postulates that the deviations of the third-moment terms,N M (III) (k), from the contributions to these terms due to the background turbulence, N M (III,0) (k), are expressed through the similar deviations of the second moments,
(see, e.g., [33, 36, 37] ), where τ r (k) is the scale-dependent relaxation time, which can be identified with the correlation time, τ f , of the turbulent velocity field for large hydrodynamic and magnetic Reynolds numbers. The quantities with the superscript (0) correspond to the background shear-free turbulence with a zero mean magnetic field. We apply the spectral τ approximation only for the nonhelical part h ij of the tensor of magnetic fluctuations. Note that a justification of the τ approximation for different situations has been performed in a number of numerical simulations and analytical studies (see, e.g., [7, [38] [39] [40] [41] [42] [43] [44] [45] ). We take into account that the characteristic time of variation of the magnetic field B is substantially longer than the correlation time τ f . This allows us to obtain a stationary solution for Eqs. (18) for the second-order moments, M (II) (k), which are the sums of contributions caused by shear-free and sheared turbulence. The contributions to the mean electromotive force caused by a shear-free turbulence and sheared non-helical turbulence are given in [9] . In particular, the contributions to the electromotive force caused by the sheared turbulence read:
ij (k) dk, where the corresponding contributions to the cross-helicity tensor g (S) ij in the kinematic approximation, are given by
and we use the following model for the background shear-free helical turbulence (with B = 0):
where the energy spectrum is E(k) = (q − 1) (k/k f ) −q , k f = 1/ℓ f and the length ℓ f is the maximum scale of turbulent motions. The turbulent correlation time is τ r (k) = 2 τ f (k/k f ) 1−q . Therefore, for large magnetic and hydrodynamic Reynolds number the effective pumping velocity, γ, and the off-diagonal components of the tensor α ij caused by sheared helical turbulence are given by
Since the mean symmetric tensor (∂U ) ij has only two nonzero components: (∂U ) 12 = (∂U ) 21 = S/2, the tensor α ij has only two non-zero off-diagonal components, α 12 = α 21 . In particular,
where we have used the Kolmogorov kinetic energy spectrum exponent q = 5/3 in Eq. (25) . The diagonal components of the tensor α ij in this case are α = α * (see, e.g., [1, 3] ). These results for large magnetic and hydrodynamic Reynolds number are in qualitative agreement with DNS performed in [25] .
C. Large magnetic Reynolds numbers and small hydrodynamic Reynolds numbers
To develop a mean-field theory for large magnetic Reynolds numbers and small hydrodynamic Reynolds numbers we use stochastic calculus for a random velocity field. To derive an equation for the mean magnetic field we use an exact solution of the induction equation for the total field B (which is the sum of the mean B and fluctuating b parts) with an initial condition B(t = t 0 , x) = B(t 0 , x) in the form of a functional integral:
(see, e.g., [46, 47] ), where the operator exp(ξ · ∇) is determined by
where t σ = t − σ, and the velocity field v is the sum of the mean shear velocity U and fluctuating u parts. We consider large magnetic Reynolds number, but take into account small yet finite magnetic diffusion η. The magnetic diffusion can be described by a random Wiener process w(t) that is defined by the following properties: w i (t) w = 0 and w i (t + τ )w j (t) w = τ δ ij , where · w denotes the averaging over the statistics of the Wiener random process. The function G ij (t, s, ξ) is determined by equation:
with the initial condition G ij (t = s) = δ ij and N ij = ∇ j v i . The form of the exact solution (26) allows us to separate the averaging over random Brownian motion of particles (i.e., the averaging over a random Wiener process w(t)) and a random velocity u.
We consider a random flow with a small yet finite Strouhal number (that is the ratio the correlation time of a random fluid flow to the turnover time ℓ f /u rms ). A random velocity field with a small Strouhal number can be modelled by a random velocity field with a constant renewal time τ . Assume that in the intervals . . . (−τ, 0); (0, τ ); (τ, 2τ ) ; . . . the velocity fields are statistically independent and have the same statistics. This implies that the velocity field looses memory at the prescribed instants t = mτ , where m = 0, ±1, ±2, . . .. This velocity field cannot be considered as a stationary velocity field for small times ∼ τ , however, it behaves like a stationary field for t ≫ τ . Averaging Eq. (26) over the random velocity field we arrive at the equation for the mean magnetic field, B:
(see Appendix B), where
the angular brackets · denote an ensemble average over the random velocity field. Therefore, the mean magnetic field is determined by double averaging over two independent random processes, i.e., by the ensemble average over the random velocity field and by the average over Wiener random process w(t).
We are interested in the lowest-order contributions to the mean electromotive force which are proportional to the mean magnetic field, E (a) i = a ij B j , where a ij = (1/2)ε inm A njm and the tensor A ijm reads:
where x → y and v m (t, ξ)
x denotes the Eulerian velocity determined at the Wiener trajectory ξ that passes through the point x at instant t. Hereafter the angular brackets denote double averaging over a random velocity field and over the statistics of the Wiener process.
For small hydrodynamic Reynolds numbers we seek the solutions of the linearized Navier-Stokes equation (2) for incompressible velocity field u as superpositions of the Orr-Kelvin random shearing waves u(t, r) = u(t, k 0 ) exp[ik(t) · r] dk 0 , where k 0 = (k x0 , k y , k z ), k(t) = (k x0 − Sk y t, k y , k z ) (see, e.g., [23, [48] [49] [50] ). Therefore, the effective pumping velocity, γ, and the off-diagonal components of the tensor α ij are given by
Using these equations and Eqs. (C13)-(C10) in Appendix C we obtain the effective pumping velocity, γ = (0, 0, γ), and the off-diagonal components α 12 = α 21 of the tensor α ij for large magnetic Reynolds numbers and small hydrodynamic Reynolds numbers:
where Re ≪ τ /τ f < 1. The diagonal components of the tensor α ij in this case obtained using path-integral approach
(see, e.g., [46, 51] ). In the next section we discuss comparison with new systematic DNS designed for comparison with our theoretical predictions.
III. COMPARISON WITH DNS

A. Numerical model
Our DNS model is identical to that used in [25] . We begin by testing the analytical results numerically using threedimensional simulations of isotropically forced turbulence in a fully periodic cube of size (2π) 3 . The uniform shear U = (0, Sx, 0) is imposed using the shearing box method and the gas obeys an isothermal equation of state characterized by the constant speed of sound c s . We solve the continuity and Navier-Stokes equations in the form
where the imposed shear is subsumed in the advective derivative
Here ρ is the density, U is the velocity, f describes the forcing, and F visc = ρ −1 ∇ · (2ρνS) is the viscous force, where ν is the kinematic viscosity, and
is the traceless rate of strain tensor. The forcing function f is given in [52] :
where x is the position vector. The wavevector k(t) and the random phase −π < φ(t) ≤ π change at every time step, so f (x, t) is δ-correlated in time. The normalization factor N is chosen on dimensional grounds to be N = f 0 c s (|k|c s /δt) 1/2 , where f 0 is a nondimensional forcing amplitude. At each timestep we select randomly one of many possible wavevectors in a certain range around a given forcing wavenumber. The average wavenumber is referred to as k f . In the present study we always use k f /k 1 = 5. We force the system with transverse helical waves [53] ,
where σ = 1 for the fully helical case with positive helicity of the forcing function,
is a non-helical forcing function, andê is an arbitrary unit vector not aligned with k; note that |f k | 2 = 1. We use fully helical forcing, i.e. σ = 1, in all of our runs.
The boundary conditions in the y and z directions are periodic, whereas shearing-periodic conditions are used in the x direction. The simulations are governed by the fluid and magnetic Reynolds numbers, the magnetic Prandtl number, and the shear and Mach numbers:
Here u rms is the root mean square velocity of turbulent motions and η is the magnetic diffusivity. We use the PENCIL CODE 1 to perform the simulations.
B. Test field method
We apply the kinematic test-field method (see, e.g., [15, 54, 55] ) to compute the effective pumping velocity, γ, and all components of the tensor α ij . The essence of this method is that a set of prescribed test fields B (p,q) and the flow from the DNS are used to evolve separate realizations of small-scale fields b (p,q) . Neither the test fields B (p,q) nor the small-scale fields b (p,q) act back on the flow. These small-scale fields are then used to compute the electromotive force E (p,q) corresponding to the test field B (p,q) . The number and form of the test fields used depends on the problem at hand. For the purposes of the present study we use uniform horizontal test fields B
(1) = (B 0 , 0, 0) and B (2) = (0, B 0 , 0), in which case the series expansion of the electromotive force contains only a single term
We present the results using the quantities:
We use α 0 = 1 3 u rms as a normalization factor when presenting numerical results. Errors are estimated by dividing the time series into three equally long parts and computing time averages for each of them. The largest departure from the time average computed over the entire time series represents the error. This definition of the error bar gives an indication about the mean value that one would obtain for shorter parts of the time series. With this definition, the error bars do normally become shorter for longer runs, provided the time series is stationary. This would not be the case for the rms value of the deviations, which might sometimes also be of interest. 
C. Results
We perform several sets of simulations where we vary the parameters Pm, Rm, Sh, and Ma individually to study the analytical results derived in Sect. II; see Table I . The setup used here is prone to exhibit the so-called vorticity dynamo [10, 24] , due to which large-scale vorticity is generated, and complications can arise in the interpretation of the simulation data. Here we restrict the studied parameter range so that the values of Re and Sh are subcritical for the vorticity dynamo. In our runs where the Reynolds numbers are of the order of unity or less, a low grid resolution of 32 3 is often sufficient. Indeed, in Table II we show the results obtained for different resolutions ranging from 16 3 to 128 3 for Rm around 1, which demonstrates good convergence of the results within error bars. Figure 1 shows our results for γ as a function of magnetic Prandtl number Pm. We find that the numerical results coincide with the analytical formula, Eq. (14) . Values of the order of C 1 (q) ≈ 1 fit the DNS results within the error estimates. Figure 2 shows the results for α 12 as a function of Pm for two values of Re. The data for α 12 shows significantly larger fluctuations than the corresponding results for γ. However, the DNS results seem to fall in line with the analytical expression, Eq. (15), although the value of C 1 (q) needed to fit the data is an order of magnitude larger than in the case of γ. This can be explained by comparing Eqs. (36) and (37) , which show that γ ∝ Re 2 , while α 12 ∝ Re (τ /τ f ), where τ is the flow in agreement with DNS results (see Figs. 1 and 2) .
Dependence on Pm
In Fig. 3 we show α-effect (the diagonal elements In Fig. 3 we show the α-effect (the diagonal elements of the α ij tensor) as a function of the magnetic Prandtl number Pm. These results are in a good agreement with the analytical results (16).
Dependence on Rm
Our results for γ as a function of Rm are shown in Fig. 4 . We find that for Rm smaller than roughly two, γ is well described by the analytical result, Eq. (14) (14) and (24) values of the shear parameter, Sh = −2.5 (−0.25), there is a vorticity dynamo for Rm > 1 (Rm > 3), so no points are plotted in those cases.
The off-diagonal component α 12 , shown in Fig. 5 , is proportional to Re for small Rm, while the analytical expression (15) yields α 12 ∝ Re 2 . A sign change occurs for Rm ≈ 2, and the values of α 12 are consistently negative in this regime in agreement with Eq. (25) derived for Rm ≫ 1 and Re ≫ 1. The data is noisy but suggest that α 12 could be independent of Rm at high Rm in an agreement with the analytical result (25) . Furthermore, for small Rm the dependence on shear is weak, although a clearer dependence on shear is seen for Rm greater than around 10. In Fig. 6 we show α as a function of Rm. We find that α is proportional to Rm for small magnetic Reynolds numbers in agreement with Eq. (16) . For Rm greater than roughly five, α decreases slightly, while the theory suggests that α is independent of Rm for Rm ≫ 1. This inconsistency can be understood in terms of the relative kinetic helicity H/(k f u urms, and Sh = −0.10. Figure 7 shows the pumping velocity γ normalized by α 0 as a function of the shear number, Sh, for Pm = 1 and different values of Rm. Linear dependence of γ on shear is clearly seen in Fig. 7 . This is in agreement with the analytical result of Eq. (14) . Rather surprisingly, the data for α 12 suggest that there is no dependence on shear (Fig. 8 ), in contradiction with the analytical result of Eq. (15) that was derived for small shear, Sτ f ≪ 1.
Dependence on shear
Note that our theory has been developed for incompressible flow since the DNS results are nearly independent of Mach number for Ma < 0.05. This is shown in Fig. 9 , where we notice a sharp decline of γ for larger values of the Mach number. We are not aware of similar findings for mean-field transport coefficients as a function of Mach number.
IV. DISCUSSION AND CONCLUSIONS
To clarify the physical effect related to the pumping velocity, γ, and the off-diagonal components of the tensor α ij we rewrite the contributions to the mean electromotive force which are proportional to the mean magnetic field in the following form:
where B (T ) is the toroidal mean magnetic field directed along the mean shear velocity U (along the y axis), B (P ) is the poloidal mean magnetic field directed perpendicular to both, the mean shear velocity U and the mean vorticity (along the x axis), while the pumping velocities, γ (T ) and γ (P ) , of the toroidal and poloidal components of the mean magnetic field are given by:
Here we take into account the following identities for the offdiagonal components of the tensor α ij = (x iŷj +x jŷi ) α 12 and α ij B j = α 12ẑ × (B (P ) − B (T ) ), where α 12 = α 21 and x,ŷ,ẑ are the unit vectors directed along x, y and z axes, respectively.
It follows from these equations that, when α 12 > γ > 0, the effective pumping velocity of the poloidal mean magnetic field is directed upward (along the z axis), while the effective pumping velocity of the toroidal mean magnetic field is directed downward. When α 12 < 0, but |α 12 | > γ, the situation is opposite, i.e., the effective pumping velocity of the toroidal mean magnetic field is directed upward, while the effective pumping velocity of the poloidal mean magnetic field is directed downward. Therefore, the effective pumping velocity, γ, as well as the off-diagonal components of the tensor α ij , result in a separation of toroidal and poloidal components of the mean magnetic field. This effect is very important for large-scale dynamo action in shear flow turbulence.
Another reason for the different pumping velocity of toroidal and poloidal components of the mean magnetic field is a combination of the effects of rotation and stratification on small-scale turbulence. The effect of the separation of toroidal and poloidal components of the mean magnetic field was early identified in analytic calculations of rotating stratified turbulence in [26, 56] , confirmed in DNS of rotating stratified convection [57, 58] , and included in numerical mean-field modeling of the solar dynamo in [59] . Note also that a nonlinear feedback of the mean magnetic field to turbulent fluid flow causes a different pumping velocity of toroidal and poloidal components of the mean magnetic field [9] . The latter effect was included in numerical mean-field modeling of the solar dynamo in [60] .
In summary, we have developed a mean-field theory for a pumping effect of the mean magnetic field in homogeneous helical turbulence with imposed large-scale shear. In our analysis we use the quasi-linear approach, the path-integral technique and tau-relaxation approximation, which allow us to determine all components of the α tensor in different ranges of hydrodynamic and magnetic Reynolds numbers. The pumping effect depends on the α effect and on shear. Using DNS and the kinematic test-field method we were able to determine all components of the α tensor from numerical simulations of sheared helical turbulence. The major part of the numerical results for the effective pumping velocity, the diagonal and off-diagonal components of the α tensor are in a good agreement with the theoretical results. However, the numerical results for α 12 suggest that there is no dependence of the off-diagonal component on shear in contradiction with the analytical result. In addition, according to the numerical results α 12 (Re) is proportional to Re for small Rm, while the theory yields α 12 ∝ Re 2 . On the other hand, the change of the sign of α 12 from positive for small Rm to negative for large Rm observed in DNS is in agreement with the theoretical predictions. where the angular brackets · denote the ensemble average over the random velocity field. Now we use the identity 
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C ijmn = ξ mξn G ij w , and we introduced the operatorL, which allows us to reduce the integral equation (B5) to a partial differential equation. Indeed, Eq. (B7), which is rewritten in the form
reduces to ∂B ∂t =LB.
Taylor expansion of the function exp(τL) reads exp(τL) =Ê + τL + (τL) 2 /2 + ...,
whereÊ is the unit operator. Thus, Eqs. (B7) and (B10) yield
where D ijmn = (C ijmn − A ikm A kjn )/2τ . This yields Eq. (30) .
